Abstract. In this paper we present our study on the critical behavior of a stochastic anisotropic BakSneppen (saBS) model, in which a parameter α is introduced to describe the interaction strength among nearest species. We estimate the threshold fitness fc and the critical exponent τr by numerically integrating a master equation for the distribution of avalanche spatial sizes. Other critical exponents are then evaluated from previously known scaling relations. The numerical results are in good agreement with the counterparts yielded by the Monte Carlo simulations. Our results indicate that all saBS models with nonzero interaction strength exhibit self-organized criticality, and fall into the same universality class, by sharing the universal critical exponents.
Introduction
Many natural and social phenomena appear to evolve intermittently with bursts, rather than smoothly and gradually. For instance, earthquakes [1] , economic activity, and biological evolution [2, 3] , these systems are far from equilibrium and therefore fine tuning of specific parameters is rare and unlikely. To understand the origin of this ubiquitous spatiotemporal complexity in nature, Bak et al. [4] proposed self-organized criticality (SOC), namely, systems that are far from equilibrium evolve through many trana e-mail: hanjihui@zzuli.edu.cn b e-mail: liw@mail.ccnu.edu.cn sient states (which are not critical) to a dynamical attractor poised criticality.
As one of the mechanisms of complexity in nature, SOC has become a well studied concept in non-equilibrium statistical mechanics [5] [6] [7] . In the past few decades, a variety of simple models with extremal dynamics that exhibit SOC have been introduced and analyzed, including the Bak-Sneppen (BS) model [8] , the Sneppen interface depinning model [9] , and the Zaitsev model [10] . In these models, the system is driven by sequentially updating the site with globally extremal value and such information is propagated throughout the system via local interactions.
These models, representing different universality classes, are nevertheless similar to invasion percolation [11] [12] [13] [14] .
Among the SOC models, the BS model which mimics the biological evolution of an ecology of interacting species is by far the simplest one. The upper critical dimension (where τ reaches its meanfield value 1.5) has been argued to be 4 [18] or 8 [19] .
Since this extremely rich dynamic critical behavior arises out of truly minimalistic dynamical rules, the BS model has received much attention in the statistical physics community and has been studied through various approaches, including numerical simulations [16, 20, 21] , theoretical analysis [22, 23] , and mean-field theory [24, 25] . Many variants of the original BS model have been proposed: (1) the discrete BS model in which fitnesses only take the values 0 and 1; (2) the anisotropic BS (aBS) model [26] in which only the least fit species and its right nearest neighbor are mutated; (3) the stochastic BS model [27] in which the species with the smallest fitness and only one randomly selected from the nearest neighbors are updated; (4) the generalized BS model [28, 29] in which a parameter α is introduced to describe the interaction strength among nearest species; (5) the random neighbors BS model [30] in which the smallest fitness and K − 1 randomly chosen other ones are updated. Variants of the BS model with exponentially and power-law distributed random numbers have also been studied [31, 32] .
It has been observed that increasing the size of the mutation zone affects the threshold fitness f c but not critical exponents [27, 33] , and the isotropic and anisotropic mutation zones have different critical exponents [26] . In
Ref. [16] , the critical exponents of the BS model were related by a scaling theory, and only two of them characterize the BS model. In Ref. [25] , the avalanche hierarchy The BS model has been studied on different heterogeneous graphs as well, e.g., random networks [41] , adaptive networks [42] [43] [44] [45] , small-world networks [46] and scale-free networks [47] . The threshold fitness approaches zero as the scale-free network size increases to infinity.
In this paper we introduce and study a stochastic version of the original anisotropic Bak-Sneppen (saBS) model. 
Model description
The saBS model is defined as follows:
the distribution P (f ) = e −f are assigned independently to each species as fitness.
(2) At each time step, the smallest fitness in the system will be replaced with a new random number from P (f ). The fitness of its d right nearest neighbors (located in positive directions of corresponding coordinates) will be replaced with random numbers also drawn from P (f ), but with probability α.
Here α can be interpreted as interaction strength. It is a fixed parameter during the evolution. If α is set to 0, there is no interaction and eventually all fitness values approach infinity. In this case, no SOC can be observed.
If α is set to 1, the original aBS model is restored.
Results

The results from master equation
Our results of the 1d saBS model are based on an exact equation for the probability distribution function Q(r, f ) of spatial sizes r (characteristic length of an avalanche) of f -avalanches. An f -avalanche is defined as a sequence of successive mutation events with the smallest fitness f min < f . This master equation was first introduced in
Ref. [26] . Let us recall briefly the sequence of logical steps leading to this equation. The starting point is the analysis of how Q(r, f ) changes when f is increased by an infinitesimal amount df . Some avalanches of spatial size r will merge with the next one. This event can only occur if at least one of the r sites has a number f i < f , which is randomly drawn from an exponential distribution P(f ) = e −f during the avalanche. When this avalanche stops, according to the definition of f -avalanche, all these r sites have f i > f . We can therefore regard the f i 's on these sites as randomly drawn from an exponential distribution normalized between f and ∞. The probability that a particular f i being in the interval [f, f + df ] is just df . The probability that at least one of the r sites has an
. This implies that the number of f -avalanches which will merge with the next one when f reaches to f + df is dQ(r)| loss = −rdf Q(r, f ) + O(df 2 ).
Let us now consider a merging event between two favalanches of spatial sizes r 1 and r 2 resulting in a f + df avalanche of size r. There are two scenarios of how this can happen.
1. The rightmost point of the second avalanche is at a displacement r from the leftmost point of the first avalanche; the constraint on possible values of r 1 and r 2 imposed by this scenario is max(r 1 , r 2 ) ≤ r ≤ r 1 + r 2 − 1.
2. r 1 = r, and the second avalanche is fully contained within the first one.
In the former case, the values of r, r 1 , and r 2 uniquely specify the initial site of the second avalanche. Therefore, the probability of this event occurring is just the probabil-
in the latter case the starting point of the second avalanche can be any of the first r − r 2 sites of the first avalanche.
This event occurs with a probability (r − r 2 )df + O(df 2 ).
Putting all these terms together, we find
This is an exact equation for the distribution of spatial sizes of f -avalanches. Its validity does not require any scaling assumptions.
Clearly, Eq. (1) for Q(r, f ) involves only Q(r ′ , f ) with r ′ ≤ r. Therefore, in principle this distribution can be computed numerically for r ≤ R to the desired accuracy.
In the aBS model Eq. (1) has to be solved with the initial condition
Whereas, in the 1-d saBS model, the initial condition shall be changed to,
Because in the 1-d saBS model, when f = 0, r = 2 sites are updated with probability α, and r = 1 site is updated with probability 1 − α.
The solution of Eq. (1) shows that when f is at its critical value f c , Q(r, f ) develops a power law relation Q(r, f ) ∼ r −τr . In order to locate the critical point f c , we numerically integrated Eq. (1) forward in f with the initial condition Eq. (3) for several values of α, and a least square fit of log Q(r, f ) versus log r was performed runtime for each value of f . The value χ 2 (f ) of the sum of the squared distances from the fit drops nearly to zero in a very narrow region (see Fig. 1 ), which allows for a very precise estimate of f c (α) and τ r (α). The results of f c (α) and τ r (α) are shown in Fig. 3 and 7 respectively. 
The results from numerical simulations
Values of the basic parameters are: d = 1, L increases from 
Threshold fitness
When the system reaches the critical state, almost all the fitness will be higher than f c , and the fitness distribution is as follows: 
Avalanche size distribution
A critical avalanche is defined as a sequence of successive events for which the smallest fitness f min < f c is confined tem size and interaction strength, we counted 10 million critical avalanches to study their statistical properties. Fig. 4(a) shows the complementary cumulative distri-
12 , 2 14 with α = 0.5. Clearly, the statistics of critical avalanche depends on the value of L. The larger the system size, the larger the expected size of the avalanche. A finite-size scaling analysis has been done using the following scaling form
Here, τ is the life time distribution exponent of critical avalanches. g(x) is a scaling function which decays rapidly to zero for x ≫ 1 and goes to a constant in the limit of x → 0. The exponents τ and η fully characterize the scaling of
various s and L can be collapsed onto a single curve if
The exponents τ and η can be obtained from the best data collapse. In order to remove the subjectiveness of the data collapse, we adopted the method from Ref. [48] . Analogously, for avalanche spatial size, we assume the following scaling ansatz
where τ r is the critical exponent for the avalanche spatial size distribution , and h(x) is a scaling function similar to g(x). Fig. 6(a) 
Scaling relations
The moment r of the distribution Q(r, f ) as a function of f can be described by [26] 
For f < f c , when there are no infinite avalanches and the avalanche spatial size distribution Q(r, f ) is normalized to 1, one gets
Close to the critical point we can neglect the term min (r 1 , r 2 ) , since it diverges slower than r 2 and we are left with ∂ f r ≃ r 2 /2. Solve this differential equation, we obtain
The divergence of average avalanche lifetime as f → 
Conclusions
In 
